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Rapid advances in cavity optomechanics (COM) based on coherent photon-phonon interactions have a variety of applications, such as quantum state transducers, highlysensitive sensors, and quantum squeezing or chaos [1] [2] [3] [4] [5] [6] [7] [8] . As an acoustic analog of the optical laser, phonon lasers have been experimentally observed in e.g. cold ions [9] , electromechanical circuits [10] , superlattices [11] and COM devices [12] . Quantum acoustic effects, such as two-mode correlations and sub-Poissonian distributions, have also been observed [13, 14] . These pioneering works pave the way for the designs and applications of low-noise phonon devices [15] [16] [17] [18] .
Recently, superradiance or collective coherent emission from ensembles of emitters [19, 20] , has been experimentally realized by pumping a collection of cold atoms [21] [22] [23] . Some exotic effects at the superradiant phase have also been observed, such as symmetric breaking [24] and roton-type mode softening [25] . The successes in experiments have stimulated extensive theoretical works on e.g. superradiant solid [26] and fermionic superradiance [27] [28] [29] [30] . However, the possible role of superradiance in COM systems, especially amplifying sound, has rarely been studied.
We note that in previous works, superradiant emission has been confirmed to provide a driving field for single-cavity COM systems [31, 32] . In these systems, the tunability of the atom-photon interactions provides a new degree of freedom to manipulate the mechanical modes. Here, we extend to study a phonon laser driven by superradiance. Our system consists of a cavity supporting a mechanical mode and another cavity containing an atomic Bose-Einstein condensate (BEC). The atoms are considered in one dimension along the cavity axis direction, which are pumped by a transversal field. The superradiance can emerge by increasing the pump power, leading to enhanced radiation pressure on the COM in- * Electronic address: jinghui73@foxmail.com teractions and therefore, the enhanced phonon laser. As shown in Fig. 1 , we consider two coupled cavities with the same resonance frequency ω c and optical loss rate γ. A weak probe light with frequency ω p and wavelength λ p is applied to the left cavity, which contains a movable membrane. The membrane supports a mechanical mode with the frequency ω m and damping rate γ m , which is coupled with the light via COM interactions. A collection of N two-level atoms (with atomic mass m) are trapped in the right cavity, which is pumped by a transversal field at frequency ω p and Rabi frequency Ω p = DE 0 / . D is the transition dipole matrix element and E 0 is the electric field. The levels of an atom are denoted by the zero momentum state |0 and excited state |±k , respectively [21, 24] , where k = 2π/λ p is the wave vector of the pump light. Then the collective operators of the atoms {J ± , J z } are defined as
with the Pauli operator σ
for the i-th atom, which satisfy angular momentum commutation relations, i.e.,
Here we note that J ±,z correspond to the momentum states, not the internal states of the atoms. This is reasonable for an atomic BEC, with a single collective internal state but different momentum states when disturbed by the external fields, according to the superradiance experiment with a cavity-trapped BEC [21, 24] .
The coupling of the atomic gas and the pump field in the right cavity can be described by the Dicke model [21, 33] . In addition, the mechanical mode in the left cavity can be driven by the light tunneling between the two cavities. In a rotating frame at the pump frequency ω p , the Hamiltonian of this system can be written at the simplest level as
where a 1,2 or b denote the annihilation operators of the optical modes or the mechanical mode. ∆ c = ω p −ω c and ∆ a = ω p − ω a are the detunings of the pump light with respect to the cavity and atomic transition frequencies.
In addition,
g 0 is the atom-photon coupling strength, χ is the COM coupling rate, ∆
/∆ a , and ω r = k 2 /2m is the recoil frequency. The COM coupling typically much weaker than the atom-photon interaction, is assumed to have negligible effects on the superradiant phase transition. In the thermodynamic limit (N ≫ 1), the semiclassical equations of motion are written as [34] 
in which we have neglected the weak probe field. The steady-state solutions of Eqs. (2) are
We see that the steady-state values of the photons and the atomic polarization amplitudes depend on the optical tunneling rate between the two cavities. In consideration of the pseudoangular momentum conservation
we obtain the critical phase transition point
When the two cavities are decoupled, i.e. g = 0, the expression of the critical point reduces to that obtained in Ref. [21] . If λ < λ c , the system is in the normal phase, indicating that all the atoms are randomly-distributed, and the intercavity photon number is zero. Once λ exceeds the critical point λ c , the atoms are macroscopically excited and the scattering from the pump to the cavity mode is greatly enhanced. The superradiant phase transition occurs, resulting in coherent collective light emissions.
In the following, we focus on the impact of the optical superradiance on the mechanical mode, using a semiclassical approach [12, 35] . Equation (1) can be transformed into the optical supermode picture by defining the operators a ± = (a 1 ± a 2 )/ √ 2. By using the rotating-wave approximation, 2g + ω m , ω m ≫ |2g − ω m |, we have
where
The Heisenberg equations of motion of the system can then be written aṡ
Then we define the population inversion operators as p = a † − a + and δn = a †
To obtain the mechanical gain, we set ∂p/∂t = 0, ∂J − /∂t = 0, and ∂a ± /∂t = 0, with γ ≫ γ m [12, 35] , which leads to the following results
and
Substituting Eqs. (9) and (10) into the equation of the mechanical mode results iṅ
and the mechanical gain is G = G 0 + G 1 , with
G 0 is proportional to δn, which is in accordance with the results of Ref. [12] . Here, the population inversion is induced by the transverse pump field applied on the atomic gas, which has not been studied before. Figure 2 shows the mechanical gain as a function of the atom-photon coupling. We use experimentally accessible parameters in our calculations [21, 36] , i.e, N = 10 5 , λ p = 784.3 nm, γ = 2π × 1 MHz, ω m = 2π × 20 MHz, γ m = 100 Hz, g 0 = 2π × 14 MHz, N U 0 = −2π × 2 MHz, χ = 300 Hz, and g = 2π × 10 MHz. For a weak pump field (λ < λ c ), the atomic gas is in a normal phase, in which the steady-state photon number is safely neglected. By increasing the pump power, the atomic gas enters into the superradiant phase for λ > λ c . We also find that the critical point λ c depends on the pump-cavity detuning ∆ c , which can be minimized as 0.42 MHz at ∆ c /ω m ≈ 0.5. From Eqs. (3) and (4), the steady-state photon number for the second cavity is
which can further enhanced for a stronger pump. The photons in the left cavity also increases due to the optical tunneling, leading to an enhanced radiation pressure on the membrane. In this way, the membrane can be coherently driven by the superradiance. For simplicity, we only consider the phonon lasing near the threshold, so that the average phonon number n b is negligible and has negligible influence on the mechanical gain [35] . In the superradiance regime, the population inversion can be written as
In addition, we use 2g = ω m in our calculations, so that the frequency difference of the optical supermodes equals the frequency of the mechanical mode. Therefore, the optical supermodes resonantly interact with the mechanical mode, which is beneficial for the phonon lasing [12] . Then we can calculate G with the expression of δn, as shown in Fig. 2 . Using the threshold condition G = γ m [12] , we can obtain the threshold atom-photon coupling λ th . For example, we have λ th = 7.6 MHz with ∆ c /ω m = 0.5. Figure 3 shows the number of emitted phonons [15, 17] 
as a function of the atomphoton coupling. In consideration of the peak intensity of the pump light I = ǫ 0 cE 2 0 /2, we can calculate the pump power as
where w c is the waist radius of the pump beam. For ∆ c /ω m = 0.5, we have P th ≈ 6.4 mW, corresponding to λ th = 7.6 MHz, in which we use w c = 25 µm [21] . We note that N b strongly depends on ∆ c , and ∆ c /ω m = 0.5 is still the optimized condition for the phonon laser (see Fig. 3 ).
In conclusion, we have studied a superradiance-driven phonon laser in coupled cavities. The atoms are driven by a transverse pump field, leading to superradiant light emissions. The enhanced coherent light can drive the membrane in the COM cavity, resulting in an enhanced phonon laser. Our work combines the COMbased phonon laser and the BEC-based superradiance, which provides a new way to generate and control phonon lasers. In the future, we will study the impact of the symmetry breaking at the superradiant phase transition on the behavior of the phonon lasing [24] , superradiancedriven mechanical cooling, and mechanical squeezing with the assistance of atoms.
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